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SURGERY OPERATIONS TO FOLD MAPS TO INCREASE
CONNECTED COMPONENTS OF SINGULAR SETS BY TWO
NAOKI KITAZAWA
Abstract. In geometry, understanding the topologies and the differentiable
structures of manifolds in constructive ways is fundamental and important. It
is in general difficult, especially for higher dimensional manifolds.
The author is interested in this and trying to understand manifolds via
construction of explicit fold maps: differentiable maps locally represented as
product maps of Morse functions and identity maps on open balls. Fold maps
have been fundamental and useful in investigating the manifolds by observing
(the sets of) singular points and values and preimages as Thom and Whitney’s
pioneering studies and recent studies of Kobayashi, Saeki, Sakuma, and so on,
show. Here, construction of explicit fold maps on explicit manifolds is difficult.
The author constructed several explicit families of fold maps and inves-
tigated the manifolds admitting the maps. Main fundamental methods are
surgery operations (bubbling operations), the author recently introduced mo-
tivated by Kobayashi and Saeki’s studies such as operations to deform generic
differentiable maps whose codimensions are negative into the plane preserving
the differentiable structure of the manifold in 1996 and so on. We remove
a neighborhood of a (an immersed) submanifold consisting of regular values
in the target space, attach a new map and obtain a new fold map such that
the number of connected components of the set consisting of singular points
increases. In this paper, we investigate cases where the numbers increase by
two and obtain cases of a new type.
1. Introduction and fundamental notation and terminologies.
In geometry, understanding the topologies and the differentiable structures of
manifolds in geometric and constructive ways is fundamental and important. It
is in general difficult, especially for higher dimensional manifolds, although they
were considerably understood in the latter half of the last century via sophisticated
algebraic topological theory and abstract differential topological theory such as
homotopy theory, fundamental theory of Morse functions, surgery theory, and so
on. See also [12], [13] and [22] for example to know related tools more precisely.
This paper concerns this understanding via fold maps, regarded as higher di-
mensional versions of Morse functions.
We first review fold maps. Before this, we explain several fundamental termi-
nologies on differentiable manifolds and maps.
Throughout this paper, for a differentiable map, a singular point is a point at
which the rank of the differential of the map drops. a singular value is a point in
the target space realized as a value at a singular point, and a regular value is a
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point in the target space which is not a singular value: they are defined as this in
most of introductory books on differentiable manifolds and maps.
Moreover, the singular set of the map is the set of all singular points, the singular
value set is the image of the singular set, and the regular value set is the complement
of the singular value set.
Throughout the present paper, manifolds are differentiable and smooth (of class
C∞), maps are differentiable and smooth (of class C∞) unless otherwise stated. A
diffeomorphism is always assumed to be smooth and the diffeomorphism group of
a manifold means the group consisting of all diffeomorphisms on the manifold.
For a smooth manifold X , we denote the tangent bundle by TX and the tangent
vector at p ∈ X by TpX ⊂ TX .
1.1. Fold maps. Fold maps have been fundamental and useful in investigating the
manifolds by observing the singular sets and the singular value sets and preimages
as Thom and Whitney’s pioneering studies ([21] and [23]) and recent studies of
Kobayashi, Saeki, Sakuma, and so on, which we will introduce later, show.
Definition 1. Let m > n ≥ 1 be integers. A smooth map from an m-dimensional
smooth manifold with no boundary into an n-dimensional smooth manifold with no
boundary is said to be a fold map if at each singular point p, the map is represented
as
(x1, · · · , xm) 7→ (x1, · · · , xn−1,
m−i∑
k=n
xk
2 −
m∑
k=m−i+1
xk
2)
for some coordinates and an integer 0 ≤ i(p) ≤ m−n+12 .
For a fold map, the following properties hold.
• For any singular point p, the i(p) in Definition 1 is unique : i(p) is the index
of p.
• The set consisting of all singular points of a fixed index of the map is a
smooth and closed submanifold of the domain with no boundary of dimen-
sion n− 1.
• The restriction to the singular set of the original map is a smooth immer-
sion.
1.2. (Normal) crossings of a family of smooth immersions. We define a
crossing and a normal crossing of a family of smooth immersions.
Let a > 0 be an integer and {cj : Xj → Y }
a
j=1 be a family of a smooth im-
mersions from mj-dimensional smooth manifolds Xj without boundaries into an
n-dimensional smooth manifold Y with no boundary. A crossing of the family of
the smooth immersions is a point y ∈ Y such that
⋃a
j=1cj
−1(y) has at least two
points. A crossing is said to be normal if the following properties hold.
(1) The disjoint union
⋃a
j=1cj
−1(y) of these preimages is a finite set consisting
of exactly by > 1 points.
(2) Denote all the elements of
⋃a
j=1cj
−1(y) by {py,j}
by
j=1. Let y(j) be the
number satisfying py,j ∈ Xy(j), which we can determine uniquely. We
denote the dimension of the intersection
⋂by
j=1dcy(j)py,j
(Tpy,jXy(j)) of the
images of the differentials at all points py,j by y(c). In this situation,
y(c) + Σ
by
j=1(n−my(j)) = n.
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We can also consider the case for a single immersion (the case a = 1) similarly.
Definition 2. A stable fold map is a fold map whose restriction to the singular set
is a smooth immersion such that the crossings of the restriction to the singular set
of the original fold map are always normal.
Remark 1. Stable fold maps are actually defined as a fold map which is stable.
However, we can also define as Definition 2. For more precise and systematic
explanations on stable (fold) maps, see [1] for example.
In the present paper, we consider crossings which are normal and preimages of
which consist of at most two points.
1.3. Reeb spaces. Reeb spaces are also fundamental and important tools in in-
vestigating the topologies of the domains of smooth maps whose codimensions are
negative.
Let X and Y be topological spaces. For p1, p2 ∈ X and for a continuous map
c : X → Y , we define a relation ∼c on X in the following way: p1∼cp2 if and only
if p1 and p2 are in a same connected component of c
−1(p) for some p ∈ Y . Thus
∼c is an equivalence relation on X . We denote the quotient space X/∼c by Wc
Definition 3. We call Wc the Reeb space of c.
We denote the induced quotient map from X into Wc by qc. We can define
c¯ :Wc → Y in a unique way so that the relation c = c¯ ◦ qc holds.
Proposition 1 ([20]). For (stable) fold maps, the Reeb spaces are polyhedra and the
dimensions are equal to the dimensions of the target manifolds.
For Reeb spaces, see also [14] for example.
1.4. Explicit fold maps and their Reeb spaces. We present fundamental and
important examples of fold maps here. We explain terminologies on bundles.
For a topological space X , an X-bundle is a bundle whose fiber is X .
Hereafter, the structure groups of bundles such that their base spaces and fibers
are manifolds are assumed to be (subgroups of) diffeomorphism groups except cases
such as situations in a sketch of the proof of Proposition 3: the bundles are smooth in
a word except several cases. For an integer k > 0, a linear bundle is a smooth bundle
whose fiber is a k-dimensional unit disc (standard closed disc of a fixed diameter) or
the (k− 1)-dimensional unit sphere in Rk and whose structure group is a subgroup
of the k-dimensional orthogonal group O(k) acting linearly and canonically.
Example 1. (1) A special generic map is defined as a fold map such that the
index of each singular point is 0. Canonical projections of unit spheres are
simplest stable special generic maps. According to studies [15], [16], [18],
[24] and so on, homotopy spheres which are not diffeomorphic to standard
spheres do not admit special generic maps into sufficiently high dimensional
Euclidean spaces whose dimensions are smaller than those of the homotopy
spheres: on the other hand, homotopy spheres except 4-dimensional ones
which are not diffeomorphic to S4 admit special generic maps into the plane
such that the restriction to the singular set is an embedding and the singular
set is a circle. Moreover, 4-dimensional homotopy spheres which are not
diffeomorphic to S4 admit no special generic maps into the Euclidean spaces
R, R2 and R3 and such homotopy spheres are still undiscovered.
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The Reeb space of a (stable) special generic map f from a closed and
connected manifold of dimension m into Rn satisfying the relation m >
n ≥ 1 is regarded as an n-dimensional compact and connected manifold
we can immerse into Rn. The image is regarded as the image of a suitable
immersion of the n-dimensional manifold. The boundary of the Reeb space
and the image of the singular set by qf agree.
Conversely, for arbitrary integers m > n ≥ 1 and an n-dimensional com-
pact manifold we can immerse into Rn, we can construct a (stable) special
generic map from a suitable closed and connected manifold of dimension m
into Rn whose Reeb space is diffeomorphic to the n-dimensional manifold.
Moreover, we have the following bundles for a general special generic
map f from a closed and connected manifold of dimension m into Rn.
(a) If we restrict the map qf to the preimage of the interior of the Reeb
space, then it gives a smooth Sm−n-bundle over the interior of the
Reeb space.
(b) If we restrict the map qf to the preimage of a small collar neighborhood
of the boundary of the Reeb space and consider the composition of this
with a canonical projection onto the boundary, then it gives a linear
Sm−n+1-bundle over the boundary.
Moreover, for an arbitrary n-dimensional compact manifold we can immerse
into Rn, we can construct a stable special generic map on a suitable closed
and connected manifold of dimension m into Rn so that the Reeb space
is diffeomorphic to the n-dimensional manifold and that these bundles are
trivial. We can replace Rn by an arbitrary manifold N of dimension n with
no boundary. See [15], the articles [6] and [7] by the author, and so on.
(2) ([2], [3] and [5]) Let l > 0 be an integer. Letm > n ≥ 1 be integers. We can
construct a stable fold map on a manifold represented as an l−1 connected
sum of manifold diffeomorphic to Sm−n × Sn into Rn (this is a standard
sphere for l = 1) satisfying the following properties.
(a) The singular value set is ⊔lj=1{||x|| = j | x ∈ R
n}.
(b) Preimages of regular values are disjoint unions of standard spheres.
(c) In the target space Rn, the number of connected components of a
preimage increases as we go straight to the origin 0 ∈ Rn of the target
Euclidean space starting from a point in the complement of the image.
The Reeb space is simple homotopy equivalent to a bouquet of l− 1 copies
of n-dimensional spheres for l > 1 and a point for l = 1. We can construct
a map satisfying these properties for manifolds obtained by changing the
products to total spaces of general smooth Sm−n-bundles over Sn.
(3) In [6], [7], [8] and so on present construction of stable fold maps satisfying
the assumption of Proposition 3 in the last and information of the topologies
(the homology groups and the cohomology rings) of the Reeb spaces (and as
a result those of the manifolds). The maps are obtained by finite iterations
of surgery operations (bubbling operations) starting from fundamental fold
maps: this operation is introduced by the author in [6] respecting ideas of
[9], [10] and [11] for example. More explicitly, we start from stable special
generic maps of suitable classes mainly, by changing maps and manifolds
by bearing new connected components of singular (value) sets of stable fold
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maps one after another, we obtain desired maps. The previous example
also shows simplest examples of these maps.
1.5. Construction of explicit fold maps by new surgery operations (bub-
bling operations) and the organization of this paper. In this paper, we
present further studies on construction in Example 1 (3). We apply bubbling
operations first defined in [8], improved versions of original versions in [6]. The
organization of the paper is as the following. In the next section, we introduce a
bubbling operation first introduced based on [8]. The last section is devoted to a
presentation of new results: Proposition 2 and Theorem 1. We present construction
of new families of explicit fold maps and investigate the cohomology rings of the
Reeb spaces. We see that the cohomology rings of newly obtained Reeb spaces are
also obtained first in the present paper. Last we present Proposition 3. This gives
explicit situations where Reeb spaces of fold maps on manifolds know much topo-
logical information of the manifolds. We can apply this to new maps obtained by
applying Proposition 2 and Theorem 1 explicitly. For Proposition 3, an essentially
same explanation is in [8].
1.6. Acknowledgement. The author is a member of the project Grant-in-Aid
for Scientific Research (S) (17H06128 Principal Investigator: Osamu Saeki) ”In-
novative research of geometric topology and singularities of differentiable map-
pings” (https://kaken.nii.ac.jp/en/grant/KAKENHI-PROJECT-17H06128/ ) and
supported by this.
2. Bubbling operations and fold maps such that preimages of
regular values are disjoint unions of spheres.
We introduce bubbling operations, first introduced in [6], referring to [8]. More
precisely, in the present paper, we essentially consider only the operations satisfying
several good properties: ATSS operations.
Hereafter,m > n ≥ 1 are integers,M is a smooth, closed and connected manifold
of dimension m, N is a smooth manifold of dimension n with no boundary, and
f :M → N is a smooth map.
For a smooth map c, we denote the singular set S(c).
Definition 4. For a stable fold map f :M → N , let P be a connected component of
(Wf − qf (S(f)))
⋂
f¯−1(N − f(S(f))), regarded as an open manifold diffeomorphic
to f¯(P ) ⊂ N .
Let l > 0 and l′ ≥ 0 be integers. Assume that there exist families {Sj}
l
j=1 of
finitely many standard spheres and {N(Sj)}
l
j=1 of total spaces of linear bundles
over these spheres whose fibers are unit discs. We also denote by Sj the image of
the section obtained by choosing the origin for each fiber diffeomorphic to a unit
disc for each N(Sj). Assume that the dimensions of N(Sj) are always n and that
there exist immersions cj : N(Sj)→ P satisfying the following properties.
(1) f |f−1(
⋃
l
j=1
cj(N(Sj)))
f−1(
⋃l
j=1cj(N(Sj))) →
⋃l
j=1cj(N(Sj)) gives a trivial
Sm−n-bundle.
(2) Crossings of the family {cj|∂N(Sj) : ∂N(Sj)→ P}
l
j=1 are normal and each
preimage consists of exactly two points. The number of crossings of this
family is finite.
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(3) Crossings of {cj |Sj : Sj → P}
l
j=1 are normal and each preimage consists of
exactly two points. The number of crossings of this family is finite.
(4) We denote the set of all the crossings of the family {cj|Sj : Sj → P}
l
j=1
of the immersions by {pj′}
l′
j′=1. For each pj′ , there exist two integers 1 ≤
a(j′), b(j′) ≤ l and small standard closed discs D2j′−1 ⊂ Sa(j′) and D2j′ ⊂
Sb(j′) satisfying the following properties.
(a) dimD2j′−1 = dimSa(j′) and dimD2j′ = dimSb(j′).
(b) pj′ is in the images of the immersions pj′ ∈ ca(j′)(IntD2j′−1) and pj′ ∈
cb(j′)(IntD2j′ ).
(c) If a(j′) = b(j′), then D2j′−1
⋂
D2j′ is empty.
(d) If we restrict the base space of the bundle N(Sa(j′)) to D2j′−1 and that
of the bundle N(Sb(j′)) to D2j′ , then the images of the total spaces
of these resulting bundles by the immersions ca(j′) and cb(j′) agree as
subsets in Rn.
(e) The restrictions to the total spaces of the two immersions just before
are embeddings.
(f) The set of all the crossings of the family of {cj |Sj : Sj → P}
l
j=1 is the
disjoint union of the l′ corners of the subsets just before each of which
is for 1 ≤ j′ ≤ l′.
In this situation, the family {(Sj , N(Sj), cj : N(Sj)→ P )}
l
j=1 is said to be a normal
system of submanifolds compatible with f .
In the situation of Definition 4, let {N ′(Sj) ⊂ N(Sj)}
l
j=1 be a family of total
spaces of subbundles of {N(Sj)}
l
j=1 over the manifolds whose fibers are standard
closed discs. We assume that the diameters are all 0 < r < 1. For a suitable r,
same properties as presented in Definition 4 hold. In other words, we can obtain
another family {(Sj , N
′(Sj), cj |N ′(Sj) : N
′(Sj) → P )}
l
j=1 and this is also regarded
as a normal system of submanifolds compatible with f : we can identify each fiber,
which is a standard closed disc of diameter r with a unit disc via the diffeomorphism
defined by the correspondence t 7→ 1
r
t.
Definition 5. (1) The familiy {(Sj, N(Sj), cj : N(Sj) → P )}
l
j=1 is said to
be a wider normal system supporting the normal system of submanifolds
{(Sj , N
′(Sj), cj |N ′(Sj) : N
′(Sj)→ P )}
l
j=1 compatible with f .
(2) For a stable fold map f :M → N and an integer l > 0, let P be a connected
component of (Wf−qf (S(f)))
⋂
f¯−1(N−f(S(f))) and let {(Sj, N(Sj), cj :
N(Sj) → P )}
l
j=1 be a normal system of submanifolds compatible with
f . Let {(Sj , N
′(Sj), cj
′ : N ′(Sj) → P )}
l
j=1 be a wider normal system
supporting this as before. Assume that we can construct a stable fold map
f ′ on an m-dimensional closed manifoldM ′ into Rn satisfying the following
properties.
(a) Q is the preimage f−1(
⋃l
j=1cj
′(N ′(Sj))).
(b) M − IntQ is realized as a compact submanifold of M ′ of dimension m
by considering a suitable smooth embedding e :M − IntQ→M ′.
(c) f |M−IntQ = f
′ ◦ e|M−IntQ holds.
(d) f ′(S(f ′)) is the disjoint union of f(S(f)) and
⋃n
j=1cj(∂N(Sj)).
(e) The indices of points in the preimages of new connected components
in the resulting singular value set are all 1.
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(f) For each regular value p of the resulting map sufficiently close to
the union
⋃l
j=1cj(Sj), the preimages are disjoint unions of standard
spheres.
This yields a procedure of constructing f ′ from f . We call it an ATSS op-
eration to f . The union
⋃l
j=1cj(Sj) is called the generating normal system
of the operation.
We show a local fold map around pj′ in Definition 4. This is also presented in
[8] with FIGURE 2. S0 is the two point set with the discrete topology.
First in the situation of Example 1 (2), we explain a restriction of a fold map
for l = 1 to the preimage of the set of all points x ∈ Rn satisfying ||x|| ≤ 32 . We
construct a product bundle Dn × Sm−n over Dn. We also set Dn as the set of
all points x ∈ Rn satisfying ||x|| ≤ 12 . We also set a Morse function f˜m−n,0 on a
manifold obtained by removing the interior of a standard closed disc of dimension
m − n + 1 embedded smoothly in the interior of Sm−n × [−1, 1] onto [ 12 ,
3
2 ] ⊂
(0,+∞) ⊂ R such that the following four hold.
(1) The preimage of the minimum coincides with the disjoint union of two
connected components of the boundary.
(2) The preimage of the maximum coincides with one connected component of
the boundary.
(3) There exists exactly one singular point, and the singular point is in the
interior.
(4) The value at the singular point is 1.
We glue the projection of the product bundle and the map f˜m−n,0 × idSn−1 :
[ 12 ,+∞) × S
n−1 where we identify the base space Dn of the product bundle with
a standard closed disc of dimension n whose diameter is 12 and whose center is the
origin 0 ∈ Rn. By gluing suitably, we have a desired smooth map onto the standard
closed disc of dimension n whose center is the origin and whose diameter is 32 in
Rn. This is a desired map, obtained by restricting the original fold map for l = 1.
See also [2] and [5] for the fold map for l = 1.
We denote the resulting map onto the standard closed disc of dimension n by
f˜m,n,0.
We consider the composition of f˜m−n+dimD
2j′−1,dimD2j′−1,0 with a suitable dif-
feomorphism, we have a smooth map onto a sufficiently small standard closed
disc D′2j′−1 ⊃ D2j′−1 of dimension dimD2j′−1 satisfying Sa(j′) ⊃ D
′
2j′−1 ⊃
IntD′2j′−1 ⊃ D2j′−1. We can take a sufficiently small standard closed disc D
′
2j′ ⊃
D2j′ of dimension dimD2j′ satisfying similar properties. We can consider the prod-
uct map of the previous smooth map and the identity map idD′
2j′
. We compose
the resulting map with a suitable diffeomorphism onto a manifold, regarded as
ca(j′)(D
′
2j′−1)× cb(j′)(D
′
2j′) and containing pj′ ∈ R
n in its interior.
We can restrict the map to a total space of a trivial Dm−n-bundle over the target
space, regarded as ca(j′)(D
′
2j′−1)× cb(j′)(D
′
2j′ ) and containing pj′ in the interior.
For the composition of f˜m−n+dimD
2j′ ,dimD2j′ ,0 with a suitable diffeomorphism,
we can restrict the map to a total space of a trivial Dm−n-bundle over the target
space, diffeomorphic to a standard closed disc of dimension dimD2j′ . This gives a
trivial Dm−n-bundle. The total space is regarded as a submanifold of the domain of
the original map and we can also restrict the composition of f˜m−n+dimD
2j′ ,dimD2j′ ,0
with the suitable diffeomorphism to the closure of its complement in the domain.
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The closure of the complement is also a compact submanifold of dimension m −
n + dimD2j′ . We consider the composition of the product map of the restriction
to this complement and the identity map idD′
2j′−1
with a suitable diffeomorphism
onto a manifold, regarded as ca(j′)(D
′
2j′−1)× cb(j′)(D
′
2j′ )
In a suitable way, we replace the original projection of the trivial Dm−n-bundle
over the target space, identified with ca(j′)(D
′
2j′−1) × cb(j′)(D
′
2j′), containing pj′
in the interior, by the map just before: the composition of the product map of the
restriction to the complement of a total space of a trivial Dm−n-bundle over the
target space, diffeomorphic to a standard closed disc of dimension dimD2j′ , and the
identity map idD′
2j′−1
with a suitable diffeomorphism onto a manifold, regarded as
ca(j′)(D
′
2j′−1)× cb(j′)(D
′
2j′ ). The resulting map is a desired local map and said to
be a local canonical fold map around a crossing for an ATSS operation.
By the definition, the following corollary immediately follows.
Corollary 1. Let f : M → N be a stable fold map on an m-dimensional closed
and connected manifold M into an n-dimensional manifold N with no boundary
satisfying m− n > 1. If an ATSS operation is performed to f and a new map f ′ is
obtained as a result, then Wf is a proper subset of Wf ′ and f¯ ′|Wf = f¯ : Wf → N .
3. New families of stable fold maps and their Reeb spaces obtained
by ATSS operations increasing the numbers of connected
components of singular sets by two.
In this section, we need fundamental theory of graded commutative algebras over
commutative rings (PIDs) and cohomology rings.
Definition 6. Let A be a module over a commutative ring R having a unique identity
element 1 6= 0 ∈ R. Let a ∈ A be a non-zero element such that the following two
hold.
• a is not represented as a = ra′ where (r, a′) ∈ R×A and r is not a unit.
• For r ∈ R, ra = 0 if and only if r = 0.
Let A be represented as an inner direct sum of the submodule generated by the
one element set {a} and another submodule B. We can define a homomorphism
a∗ : A → R between the modules over R such that a∗(a) = 1 and that a∗(B) = 0
for any such B. We call a′ the dual of a ∈ A.
For a graded commutative algebra A over a graded commutative ring R and a
non-negative integer i ≥ 0, we call the module of all elements of degree i the i-th
module of A. Hereafter, we assume that the 0-th module is R and equipped with a
canonical action by R.
Definition 7. Let A1 and A2 be graded commutative algebras over a commutative
ring R having a unique identity element 1 6= 0 ∈ R. Let A be a graded commutative
algebra over R satisfying the following properties.
(1) The i-th module is the direct sum of the i-th modules of A1 and A2.
(2) Let i1, i2 > 0 be integers. For (ai1,1, ai1,2), (ai2,1, ai2,2) ∈ A1⊕A2, which are
elements of i1-th and i2-th modules, respectively, the product is (ai1,1ai2,1, ai1,2ai2,2) ∈
A1 ⊕A2.
(3) For r ∈ R, where we define this as an element of the 0-th module and take
the product of this and an element (ai,1, ai,2) ∈ A1⊕A2 of the i-th module
where i > 0. The product is (rai,1, rai,2) ∈ A1 ⊕A2.
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A is called a graded commutative algebra obtained canonically from the direct
sum A1 ⊕A2.
We first obtain examples as Proposition 2.
Proposition 2. Let R be a PID having an identity element 1 ∈ R satisfying 1 6= 0 ∈
R. Let li ∈ R be an element represented as li,0 ∈ Z times the identity element 1
for i = 1, 2. Let f : M → N be a stable fold map on an m-dimensional closed and
connected manifold into an n-dimensional manifold with no boundary satisfying
m − n > 1. Let N be not closed. We also assume at least one of the following
conditions.
Let U be an open set in N − f(S(f)) such that f |f−1(U) : f
−1(U) → U gives a
trivial Sm−n-bundle.
In this situation, by an ATSS operation to f , we have a new fold map f ′ satisfying
the following properties if n is even.
(1) Hi(Wf ′ ;R) is isomorphic to Hi(Wf ;R) for i 6=
n
2 and Hi(Wf ;R) ⊕ R ⊕ R
for i = n2 , n.
(2) The cohomology group Hi(Wf ′ ;R) is isomorphic to H
i(Wf ;R) for i 6=
n
2
and Hi(Wf ;R) ⊕ R ⊕ R for i =
n
2 , n: we can set isomorphisms between
modules over R for identifications respecting Definition 7 and we will abuse
these identifications. The cohomology group Hi(Wf ;R) is isomorphic to
Hi(Wf ′ ;R) for i 6=
n
2 , n and identified with H
i(Wf ;R) ⊕ {0} ⊕ {0} in
Hi(Wf ;R) ⊕ R ⊕ R before for i =
n
2 , n via a map if,f ′(x) := (x, 0, 0) for
x ∈ Hi(Wf ;R). Furthermore this gives a monomorphism over R from
Hi(Wf ;R) into H
i(Wf ′ ;R) for all i: for i 6=
n
2 , n, if,f ′(x) = x for x ∈
Hi(Wf ;R), which we abbreviated just before.
(3) We can define a graded commutative algebra AR over R such that the i-th
module is isomorphic to {0} for i 6= 0, n2 , n and isomorphic to R ⊕ R and
identified with {0} ⊕R⊕R in Hi(Wf ;R)⊕R⊕R before for i =
n
2 , n and
that the following rules are satisfied.
(a) Under the explained identifications, the product of (0, 1, 0) ∈ {0}⊕R⊕
R ⊂ H
n
2 (Wf ;R)⊕R⊕R and (0, 0, 1) ∈ {0}⊕R⊕R ⊂ H
n
2 (Wf ;R)⊕
R⊕R is (0, l1,0, l2,0) ∈ {0} ⊕R⊕R ⊂ H
n(Wf ;R)⊕R⊕R.
(b) Under the explained identifications, the product of (0, 1, 0) ∈ {0}⊕R⊕
R ⊂ H
n
2 (Wf ;R)⊕R⊕R and (0, 1, 0) ∈ {0}⊕R⊕R ⊂ H
n
2 (Wf ;R)⊕
R⊕R is (0, 0, 0) ∈ {0} ⊕R⊕R ⊂ Hn(Wf ;R)⊕ R⊕R.
(c) Under the explained identifications, the product of (0, 0, 1) ∈ {0}⊕R⊕
R ⊂ H
n
2 (Wf ;R)⊕R⊕R and (0, 0, 1) ∈ {0}⊕R⊕R ⊂ H
n
2 (Wf ;R)⊕
R⊕R is (0, 0, 0) ∈ {0} ⊕R⊕R ⊂ Hn(Wf ;R)⊕ R⊕R
We also have a new fold map f ′ satisfying the following properties if n is an arbitrary
positive integer and k is a positive integer 2k < n.
(1) Hi(Wf ′ ;R) is isomorphic to Hi(Wf ;R) for i 6= k, n− k, n, Hi(Wf ;R)⊕ R
for i = k, n− k and Hn(Wf ;R)⊕R⊕R for i = n.
(2) The cohomology group Hi(Wf ′ ;R) is isomorphic to H
i(Wf ;R) for i 6=
k, n − k, n, Hi(Wf ;R) ⊕ R for i = k, n − k and H
i(Wf ;R) ⊕ R ⊕ R for
i = n: we can set isomorphisms between modules over R for identifica-
tions respecting Definition 7. The cohomology group Hi(Wf ;R) is isomor-
phic to Hi(Wf ′ ;R) for i 6= k, n − k, n, identified with H
i(Wf ;R)⊕ {0} in
Hi(Wf ;R) ⊕ R before for i = k, n− k via a map if,f ′(x) := (x, 0) for x ∈
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Hi(Wf ;R) and identified with H
i(Wf ;R)⊕{0}⊕{0} in H
i(Wf ;R)⊕R⊕R
before for i = n via a map if,f ′(x) := (x, 0, 0) for x ∈ H
i(Wf ;R). Fur-
thermore the maps give a monomorphism over R from Hi(Wf ;R) into
Hi(Wf ′ ;R) for all i: for i 6= k, n − k, n, if,f ′(x) = x for x ∈ H
i(Wf ;R),
which we abbreviated just before.
(3) We can define a graded commutative algebra AR over R such that the
i-th module is isomorphic to {0} for i 6= 0, k, n − k, n, isomorphic to R
and identified with {0} ⊕ R in Hi(Wf ;R) ⊕ R before for i = k, n − k and
isomorphic to R⊕R and identified with {0}⊕R⊕R in Hi(Wf ;R)⊕R⊕R
before for n and that the following rules are satisfied.
(a) Under the explained identifications, the product of (0, 1) ∈ {0}⊕R ⊂
Hk(Wf ;R)⊕R and (0, 1) ∈ {0}⊕R ⊂ H
n−k(Wf ;R)⊕R is (0, l1, l2) ∈
{0} ⊕R⊕R ⊂ Hn(Wf ;R)⊕R⊕R.
(b) Under the explained identifications, the square of (0, 1) ∈ {0} ⊕ R ⊂
Hk(Wf ;R)⊕R vanishes.
(c) Under the explained identifications, the square of (0, 1) ∈ {0} ⊕ R ⊂
Hn−k(Wf ;R)⊕R vanishes.
Last the resulting cohomology ring H∗(Wf ;R) is regarded as a subalgebra of
H∗(Wf ′ ;R) via the following rules.
(1) For two elements c1 ∈ H
i1(Wf ;R) and c2 ∈ H
i2(Wf ;R) where i1, i2 > 0,
we consider the natural identifications so that the elements are regarded
as (cj , 0) ∈ H
ij (Wf ;R) ⊕ {0} ⊂ H
ij (Wf ′ ;R) for j = 1, 2 and the product
is (c1c2, 0) ∈ H
i1+i2(Wf ;R) ⊕ {0} ⊂ H
i1+i2(Wf ′ ;R): we can identify this
with c1c2 ∈ H
i1+i2(Wf ;R).
(2) For elements r ∈ H0(Wf ;R) and c ∈ H
i(Wf ;R) where i > 0, we consider
the natural identifications so that they are regarded as r ∈ H0(Wf ;R)
where the group is identified with H0(Wf ′ ;R) and (c, 0) ∈ H
i(Wf ;R) ⊕
{0} ⊂ Hi(Wf ′ ;R), respectively, and the product is (rc, 0) ∈ H
i(Wf ;R) ⊕
{0} ⊂ Hi(Wf ′ ;R): we can identify this with rc ∈ H
i(Wf ;R).
We prove this using tools and ideas used for the proof of Proposition 3 of [8].
Proof. In the proof, notation in Definition 4 and around this will be used. Let
us find a suitable normal system of submanifolds compatible with f . As this, we
will find {(S1, N(S1), c1 : N(S1) → P ), (S2, N(S2), c2 : N(S2) → P )} such that S1
is a standard sphere of dimension 0 < k ≤ n2 and that S2 is standard sphere of
dimension n− k.
We can take {(S1, N(S1), c1 : N(S1) → P ), (S2, N(S2), c2 : N(S2) → P )} so
that the family of immersions has exactly |l1,0| + |l2,0| ≥ 0 pairs of crossings
(2(|l1,0| + |l2,0|) crossings), that the normal bundle of the immersion is trivial
and that c1(N(S1))
⋃
c2(N(S2)) ⊂ U . We can perform an ATSS operation whose
generating normal system is c1(S1)
⋃
c2(S2) to obtain a new fold map f
′. We
use local canonical fold maps around crossings in section 2 around crossings in
c1(S1)
⋃
c2(S2). Around the remaining singular values and regular values, we con-
struct products of Morse functions with exactly one singular point, which is of index
1, and identity maps on (n−1)-dimensional manifolds and trivial Sm−n-bundles over
n-dimensional manifolds, respectively. We can glue all the local maps together. We
can perform the construction thanks to the assumption that f |f−1(U) : f
−1(U)→ U
gives a trivial Sm−n-bundle.
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By the definition of a normal bubbling operation, Wf ′ is regarded as a space
obtained by attaching a polyhedron A we can obtain by identifying exactly (|l1,0|+
|l2,0|)-pairs of disjointly embedded PL discs of dimension n, represented as a product
of of a k-dimensional disc and an (n − k)-dimensional dicsc, two smooth (PL)
manifolds S1×S
n−k and S2×Sk to B := f¯−1(c1(N(S1)))
⋃
f¯−1(c2(N(S2))) ⊂Wf .
Moreover, S1 ×D
n−k and S2 ×Dk are attached: Dn−k ⊂ Sn−k and Dk ⊂ Sk are
hemispheres.
We explain the topologies of the Reeb spaces and the polyhedra without using
sophisticated terminologies on Mayer-Vietoris sequences and other notions of alge-
braic topology. Rigorous understandings via these terminologies are left to readers
and see also Proposition 3 of [8].
Hi(Wf ′ ;R) is isomorphic to Hi(Wf ;R) for i 6= k, Hi(Wf ;R)⊕R for i = k 6=
n
2 ,
Hi(Wf ;R)⊕ R ⊕ R for i = k =
n
2 and Hi(Wf ;R)⊕ R for i = n− k 6=
n
2 . We can
identify the modules for these cases.
We explain about the summands R. For i = k, n − k, the summands R are
seen to be generated by the class represented by {∗} × Sn−k ⊂ S1 × S
n−k or
{∗}×Sk ⊂ S2×S
k in the original manifolds to obtain A where ∗ is a suitable point
in S1 or S2. In the case i = n, the summands R are seen to be generated by the
classes represented by suitable subpolyhedra of A obtained after the deformation
of the original manifolds to obtain A, which are n-dimensional polyhedra obtained
from the original n-dimensional closed, connected and orientable manifolds.
We discuss the cohomology rings. By the construction, the resulting cohomol-
ogy ring is isomorphic to and can be identified with a graded commutative algebra
obtained canonically from the direct sum of H∗(Wf ;R) and a new graded commu-
tative algebra AR. We denote the j-th module of AR by AR,j . This is zero unless
j = k, n−k, n. Both in the cases where k 6= n−k and k = n2 , we consider the prod-
ucts in Hn(Wf ′ ;R) of the two classes in H
k(Wf ′;R) and H
n−k(Wf ′;R) generating
the summands R. AR,i is isomorphic to and identified with R for i = k, n− k and
k 6= n2 . AR,i is isomorphic to and identified with R ⊕ R for an even n and i =
n
2 .
AR,n is isomorphic to and identified with R⊕R.
We note thatHi(Wf ′ ;R) is isomorphic toH
i(Wf ;R) for i 6= k, H
i(Wf ;R)⊕R for
i = k 6= n2 , H
i(Wf ;R)⊕R⊕R for i = k =
n
2 and H
i(Wf ;R)⊕R for i = n− k 6=
n
2
and that we can identify the modules for these cases respecting Definition 7 as
explained.
For k 6= n2 , consider the product of 1 ∈ R, identified with AR,k, and 1 ∈ R,
identified with AR,n−k and for k =
n
2 , consider the product of (1, 0) ∈ R ⊕ R and
(0, 1) ∈ R⊕R, where the modules are identified with AR,k
In the case where the numbers l1,0 and l2,0 are 0, the product vanishes (see also
the proofs of some propositions and theorems of [7]). In the case where the number
l1,0 is 1 and the number l2,0 is 0, the product can be (1, 0) ∈ R⊕R, identified with
AR,n. Let us explain this more precisely.
We can define cohomology classes regarded as the duals of the homology classes
represented by {∗2} × S
k ⊂ S2 × S
k and {∗1} × S
n−k ⊂ S1 × S
n−k before: the
value of the dual at the original homology class is the identity element 1 ∈ R, the
value at the remaining class of the two classes is zero, and the values at classes
in Hi(Wf ;R) ⊕ {0} are zero where natural identifications with Hi(Wf ′ ;R) before
are considered (i = k, n − k). We evaluate the value of the product at the classes
represented by the n-dimensional polyhedra obtained from the products of two
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standard spheres in A: more precisely, the classes obtained after the manifolds are
deformed and attached toWf . For the original manifolds S1×S
n−k and S2×S
k, the
class represented by S1×{∗
′} ⊂ S1×S
n−k can be mapped to the class represented
by {∗′′}×Sk in the other original manifold deformed and attached to and regarded
as a subspace in Wf ′ . It also can be mapped to zero if we perform an ATSS
operation in a suitable way. The class represented by S2 × {∗
′′′} ⊂ S2 × S
k can be
mapped to zero.
We give an additional explanation on this using FIGURE 3 of [8].
We consider one point in the pair (p1, p2) of the crossing in c1(S1): take p2.
We can take D1, D2, D3 and D4 as in Definition 4. Dots denote S1 × {∗1
′} ⊂
S1×S
n−k and S2×{∗2
′} ⊂ S2×S
k deformed and attached to the Reeb space. We
represent the original manifold S1× S
n−k by S1 × (D
n−k
1
⋃
Dn−k2) where D
n−k
1
and Dn−k2 are hemispheres and the boundaries are an equator of S
n−k. We can
perform an ATSS operation so that D2 and {q1} × D
n−k
1 ⊂ D1 × S
n−k agree in
Wf ′ for a suitable point q1. We can perform an ATSS operation so that D4 and
{q2} ×D
n−k
1 ⊂ D3 × S
n−k agree and also perform an ATSS operation so that D4
and {q2} ×D
n−k
2 ⊂ D3 × S
n−k agree in Wf ′ for a suitable point q2.
The argument yields the fact that the pair of the values of the product before at
the classes represented by the two n-dimensional polyhedra or the classes obtained
after the original manifolds, which are diffeomorphic to products of two spheres, are
deformed and attached to Wf , can be (1, 0) ∈ R ⊕ R. The product is represented
as (1, 0) ∈ R⊕R, identified with {0}⊕R⊕R and {0}⊕AR,n ⊂ H
n(Wf ′ ;R) (under
the suitable identification of Hn(Wf ;R) ⊕ AR,n with H
n(Wf ′ ;R)). The product
can also vanish if we perform the operation in another suitable way.
For the pair (l1,0, l2,0) = (0, 1), we can argue similarly. The roles of k and n− k
exchange.
For a pair (l1,0, l2,0) of non-negative integers and arbitrary integers, we can argue
similarly. Moreover, on the square of each of the k-th and (n − k)-th cohomology
classes, we can see the vanishing easily observing the topologies of the Reeb spaces.
By the construction via the ATSS operation, we can easily see that last statement
holds: H∗(Wf ;R) is regarded as a subalgebra of H
∗(Wf ′ ;R).
This completes the proof.

We introduce a connected sum of two stable fold maps.
For integers m > n ≥ 1, let Mi (i = 1, 2) be a closed and connected manifold of
dimension m and f1 : M1 → N be a stable fold map such N − f1(M1) is not empty
and f1.5, :M2 → R
n be a stable fold map.
Let e1 ∈ R
n be the point such that the first component is 1 and that the
remaining components are all 0. Let Dn1,1 := {x = (x1, · · · , xn) ∈ R
n | ||x −
e1|| ≤ 1}. We consider the canonical projection of a unit sphere S
m ⊂ Rm+1
to Rn defined as the composition of the canonical inclusion with the projection
pim+1,n((x1, · · · , xn, · · · , xm+1)) = (x1, · · · , xn) and the restriction to the preimage
of Dn1,1: we denote the restriction by pim,n,SB.
We consider a composition of f1.5 with an embedding e : R
n → Sn and we
denote the resulting map by f2. We can take a standard closed disc Pi of dimension
n such that there exists a pair (Φi, φi) of diffeomorphisms satisfying the relation
φi ◦ fi|fi−1(Pi) = pim,n,SB ◦Φi for i = 1, 2 (the target of the left map is Pi and that
of the right map is Dn1,1).
INCREASING TWO CONNECTED COMPONENTS OF SINGULAR SETS OF FOLD MAPS13
We set N1 := N and N2 := S
n. We can glue the maps fi|fi−1(Ni−IntPi) :
fi
−1(Ni − IntPi) → Ni − IntPi (i = 1, 2) on the boundaries to obtain a new map
and by composing a diffeomorphism from the new target space to N1 = N , we
obtain a smooth map into N1 = N so that the resulting domain is represented as
a connected sum of the original manifolds M1 and M2. The resulting fold map
is a connected sum of f1 and f1.5. For N := R
n, a connected sum is essentially
equivalent to one presented in [6], [7], and so on.
Proposition 2 yields the following main theorem.
Theorem 1. Let R be a PID having an identity element 1 ∈ R satisfying 1 6= 0 ∈ R.
Let f : M → N be a stable fold map on an m-dimensional closed and connected
manifold into an n-dimensional manifold with no boundary satisfying m − n > 1.
Let N be not closed.
Let k > 0 be an integer satisfying 2k ≤ n. Let li ∈ R be an element represented
as li,0 ∈ Z times the identity element 1 for i = 1, 2. Let AR be a graded commutative
algebra over R isomorphic to the cohomology ring whose coefficient ring is R of a
bouquet of a finite number of closed and connected manifolds whose dimensions are
smaller than n and which can be embedded into Rn.
By a connected sum of f and a special generic map into Rn such that the
restriction to the singular set is an embedding, we can construct a stable fold map
f0. By an ATSS operation to f0, we have a new fold map f
′ : M ′ → N satisfying
the following properties.
(1) The cohomology ring H∗(Wf ′ ;R) is isomorphic to and identified with a
graded commutative algebra obtained canonically from the direct sum of
H∗(Wf ;R) and a graded commutative algebra BR over R: we denote the
i-th module of BR by BR,i and we abuse this identification in explaining
the products and so on.
(2) AR is regarded as a subalgebra of BR. We denote the i-th module of AR by
AR,i and as a module over R, BR,i is represented as a direct sum of AR,i
and a suitable module CR,i over R: we identify BR,i and AR,i ⊕CR,i via a
suitable isomorphism between modules over R in the remaining properties.
(3) CR,i is zero for i 6= k, n−k, R⊕R for i = k =
n
2 and i = n, R for i = k, n−k
where k 6= n2 .
(4) For k = n2 , the product of (0, 1, 0) ∈ AR,k ⊕ CR,k = AR,k ⊕ R ⊕ R and
(0, 0, 1) ∈ AR,k⊕CR,k = AR,k⊕R⊕R is (0, l1, l2) ∈ AR,n⊕CR,n = AR,n⊕
R⊕R and the squares of (0, 1, 0) ∈ AR,k⊕CR,k and (0, 0, 1) ∈ AR,k⊕CR,k
vanish. For k 6= n2 , the product of (0, 1) ∈ AR,k ⊕ CR,k = AR,k ⊕ R
and (0, 1) ∈ AR,n−k ⊕ CR,n−k = AR,n−k ⊕ R is (0, l1, l2) ∈ AR,n ⊕ CR,n =
AR,n⊕R⊕R. Here the square of each of these two elements (0, 1) vanishes.
(5) For k = n2 , the product of (0, 1, 0) ∈ AR,k ⊕CR,k = AR,k ⊕R⊕R and any
element (a, 0) ∈ AR,i ⊕ CR,i for any i vanishes. For k 6=
n
2 , the product of
(0, 1) ∈ AR,k ⊕ CR,k = AR,k ⊕ R and any element (a, 0) ∈ AR,i ⊕ CR,i for
any i vanishes.
Furthermore, in addition, let AR,k be not zero and let ak ∈ AR,k be a non-zero
element such that for any element r ∈ R which is not a unit, we cannot represent
as ak = rak
′ for an element ak
′ ∈ AR,k, that rak = 0 if and only if r ∈ R is
zero, and that the homology class whose dual is ak is represented by a standard
sphere of dimension k embedded in the interior of the smooth manifold represented
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as a regular neighborhood of bouquet of a finite number of closed and connected
manifolds in the beginning.
Let l ∈ R be represented as l0 ∈ Z times the identity element 1 ∈ R. We can
construct the map satisfying either of the following property in addition to the five
properties before.
(1) For k = n2 , the product of (ak, 0, 0) ∈ AR,k ⊕ CR,k = AR,k ⊕ R ⊕ R
and (0, 0, 1) ∈ AR,k ⊕ CR,k = AR,k ⊕ R ⊕ R is (0, 0, l) ∈ AR,n ⊕ CR,n =
AR,n ⊕R⊕R.
(2) For k 6= n2 , the product of (ak, 0) ∈ AR,k ⊕ CR,k = AR,k ⊕ R and (0, 1) ∈
AR,n−k ⊕CR,n−k = AR,n−k ⊕R is (0, 0, l) ∈ AR,n ⊕CR,n = AR,n ⊕R⊕R.
Proof. We have an n-dimensional compact manifold embedded into Rn whose coho-
mology ring is isomorphic to AR by the assumption. Example 1 (1) yields a special
generic map into Rn whose Reeb space is diffeomorphic to the n-dimensional mani-
fold. We can obtain the special generic map such that the restriction to the singular
set is an embedding and that the two kinds of the presented bundles in Example 1
(1) are trivial.
We consider a connected sum of f and this special generic map. The resulting
map is f0. H
∗(Wf0 ;R) is a graded commutative algebra obtained canonically from
the direct sum of H∗(Wf ;R) and a graded algebra AR over R:
The key ingredient is the proof of Proposition 2. This yields the first five prop-
erties. We explain the proof of the remaining property. ak is, by the definition and
construction of special generic map f0, regarded as the dual of a homology class
represented by a standard k-dimensional sphere Sk0 embedded in the regular value
set of f0 and f0|f0−1(Sk0) : f0
−1(Sk0) → S
k
0 gives a trivial S
m−n-bundle. We can
represent l0 times the class ak by a standard k-dimensional sphere. In the proof of
Proposition 2, we take {(S1, N(S1), c1 : N(S1)→ P ), (S2, N(S2), c2 : N(S2)→ P )}
so that c1(S1) is the k-dimensional standard sphere. We can see that we can obtain
the map satisfying the last two properties on products of the cohomology ring by
observing the topologies of the resulting Reeb spaces: for more precise discussions,
see the proofs of several propositions and theorems in [7]. 
Example 2. The class of CPS manifolds are characterized as the minimal class
of manifolds satisfying the following conditions (see also [7], in which the author
introduced the class of these manifolds first).
(1) A standard sphere whose dimension is positive is CPS.
(2) A product of two CPS manifolds is CPS.
(3) A manifold represented as a connected sum of two CPS manifolds is CPS.
One of good properties of CPS manifolds is that we can embed these manifolds
into Euclidean spaces as codimension 1 closed submanifolds. This is introduced
as a reasonable class for obtaining special generic maps as in the beginning of the
proof of Theorem 1 and Example 1 (1). This class also contributes to producing
various explicit situations explaining Theorem 1 and several theorems previously
obtained by the author well.
In [7], in situations similar to that of Theorem 1, ATSS operations are studied
under the condition that graded commutative algebras playing roles as AR plays
are isomorphic to some integral cohomology rings of bouquets of finite numbers
of CPS manifolds and additional conditions that the immersions of the standard
spheres are embeddings and that the images are disjoint: the numbers of embedded
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standard spheres are general. Let f be a canonical projection of a unit sphere of
dimension m > 5 into R5 and AR be an algebra over R := Z isomorphic to the
integral cohomology ring of S2×S2. Consider a case where (S1, S2) = (S
2, S3) and
(l0, l1,0, l2,0) is a general triplet of integers. The fundamental group of the resulting
Reeb space vanishes. In general, an integral cohomology ring isomorphic to that
of this resulting Reeb space cannot be obtained as the integral cohomology ring of
another resulting Reeb space if we consider cases such that the immersions of the
standard spheres are embeddings and that the images are disjoint only in Theorem
1. We see about this.
First consider a case where the bouquet of CPS manifolds is represented as
S2 × S2 satisfying the conditions that the immersions of standard spheres are
embeddings, that the number of the immersions is two, that the two immersed
spheres are S2 and S3, respectively, and that the images are disjoint. For the re-
sulting Reeb space in this case, the 2nd integral cohomology group is isomorphic to
R⊕R⊕R = Z⊕Z⊕Z. The rank of the submodule consisting of all 2nd cohomol-
ogy classes such that the products with 2nd cohomology classes are always zero is
exactly 1. For such a class, for any 3rd integral cohomology class, the product must
vanish. Note that the integral homology group of the resulting Reeb space Wf ′ in
this case is isomorphic to that of the Reeb space before, and that the fundamental
group of the space vanishes. The rank of the image of the homomorphism defined
by taking the product of an element of H2(Wf ′ ;Q) and an element of H
3(Wf ′ ;Q)
is at most 1. In general, in the situation of Theorem 1 as before, the rank may be
2.
Let the target space be R5. To obtain Reeb spaces whose integral homology
groups are isomorphic to the integral homology groups of the Reeb spaces before,
and whose fundamental groups vanish, such that the integral cohomology ring of
S2 × S2 is regarded as subalgebras of the integral cohomology rings of the Reeb
spaces, AR must be a graded commutative algebra over R := Z isomorphic to the
integral cohomology ring of a bouquet of S2 × S2 and S3 or that of S2 × S2 and
S2: we do not consider the previous case. In the former case, for the family of
the embeddings of standard spheres, the number of the embeddings are two and
the spheres are a point and a standard sphere of dimension 3, respectively. In the
latter case, for the family of embeddings of standard spheres, the number of the
embeddings are two and the spheres are a point and a standard sphere of dimension
2, respectively. For each case, the rank of the image of the homomorphism defined
by taking the product of an element of H2(Wf ′ ;Q) and an element of H
3(Wf ′ ;Q)
is at most 1. In general, in the situation of Theorem 1 as before, the rank may be
2.
We have the following general fact respecting some of Example 2.
Theorem 2. In the situation of Theorem 1, let R := Z and let 2k < n. Assume
that AR,n−k is zero and that the immersions of S
k and Sn−k, respectively, are
embeddings. In this situation, consider about the graded commutative algebra BR.
The rank of the image of the homomorphism defined by taking the product of an
element of BR,k ⊗Q and an element of BR,n−k ⊗Q is at most 1.
Last we introduce a proposition stating that the Reeb space of a stable fold map
satisfying several properties on indices of singular points and preimages know much
about homology groups and the cohomology ring of the manifold of the domain.
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Proposition 3 ([19], [3], [4], [8] and so on.). For a stable fold map f : M → N
from an m-dimensional closed, connected and orientable manifold M into an n-
dimensional manifold N with no boundary such that the following properties hold.
(1) m− n > 1.
(2) Preimages of regular values are always disjoint unions of standard spheres.
(3) Indices of singular points are always 0 or 1.
(4) For all the crossings of the restriction of f to the singular set S(f), which
is an immersion, the preimages consist of exactly two points.
In this situation, we have the following two properties for a commutative group A.
(1) Three induced homomorphisms qf ∗ : pij(M)→ pij(Wf ), qf ∗ : Hj(M ;A)→
Hj(Wf ;A) and qf
∗ : Hj(Wf ;A) → H
j(M ;A) are isomorphisms for 0 ≤
j ≤ m− n− 1.
(2) Suppose that A is a commutative ring. Let J be the set of all integers
greater than or equal to 0 and smaller than or equal to m − n − 1 and if
⊕j∈JH
j(Wf ;A) and ⊕j∈JH
j(M ;A) are algebras such that the sums and
the products are canonically induced from the cohomology ringsH∗(Wf ;A)
and H∗(M ;A) respectively and that the maximal degrees are m − n − 1
(the product is zero if it is of degree larger than m−n−1), then qf induces
an isomorphism between the algebras ⊕j∈JH
j(Wf ;A) and ⊕j∈JH
j(M ;A)
and the isomorphism is given by the restriction of qf
∗ to ⊕j∈JH
j(Wf ;A).
(3) Suppose that A is a principal ideal domain and that m = 2n holds. Under
these assumptions, the rank of Hn(M ;A) is twice the rank of Hn(Wf ;A)
and in addition if Hn−1(Wf ;A) is free, then the Hn−1(M ;R), Hn(M ;A)
and Hn(Wf ;A) are also free modules over A.
Hereafter, the description is essentially same as that of the last part of [8].
The piecewise smooth category is the category such that objects are smooth man-
ifolds having canonically defined PL structures and that morphisms are piecewise
smooth maps between these manifolds with these PL structures. This category is
known to be equivalent to the PL category.
We give a sketch of the proof of this. We can give more rigorous proofs this
referring to the discussions in the first three referred articles and [17].
A sketch of the proof. For each point in the image and an n-dimensional small stan-
dard closed disc containing the point as its neighborhood, each connected compo-
nent of the preimage is either of the following types as smooth manifolds which
may have corners,
• A product of an (m−n)-dimensional standard sphere and an n-dimensional
standard closed disc.
• A product of an manifold obtained by removing the interior of the disjoint
union of three disjointly and smoothly embedded standard closed discs in
Sm−n+1 and an (n− 1)-dimensional standard closed disc.
• A product of an manifold obtained by removing the interior of the disjoint
union of four disjointly and smoothly embedded standard closed discs in
Sm−n+1, a closed interval I and an (n − 2)-dimensional standard closed
disc.
There exist three types of the topologies of small regular neighborhoods of points
in the Reeb space. Each type of the topologies corresponds to each case above. All
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points in the Reeb space of each of the three types form manifolds whose dimensions
are n, n− 1, and n− 2, respectively.
For each case, we can construct bundles whose fibers are as above in the piecewise
linear category and we can construct bundles whose fibers areDm−n+1, Dm−n+2, or
Dm−n+2× I in the category whose subbundles obtained by restricting the fibers to
suitable compact submanifolds of the boundaries of the discs Dm−n+1 or Dm−n+2
are the original bundles: note that the dimensions of the suitable compact subman-
ifolds are same as those of the boundaries and that in the last case first we restrict
Dm−n+2×I to ∂Dm−n+2×I = Sm−n+1×I. We can locally construct these bundles
and glue them in the piecewise smooth category or PL category. As a result, we
have a desired (m+ 1)-dimensional compact PL manifold collapsing to Wf . Wf is
an n-dimensional polyhedron. In the PL category, the resulting (m+1)-dimensional
manifold is a PL manifold obtained by attaching handles whose indices are larger
than or equal to m − n to M × {1} ⊂ M × [0, 1]. This essentially completes the
proof.

We can apply this to explicit fold maps obtained in Theorem 1 (Proposition 2)
in suitable situations.
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